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Abstrat
Geometrial ows (GF) play an important role in modern mathematis
and physis. In this letter we have onsidered some integrable isotropi GF 
Rii ows (RF) and mean urvature ows (MCF)  whih are related with
integrable Heisenberg ferromagnets. In 2+1 dimensions, these GF have a
singularity at t = t0.
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1
1 Introdution
Geometri ow (GF) is the gradient ow assoiated with a funtional on a mani-
fold whih has a geometri interpretation, usually assoiated with some extrinsi or
intrinsi urvature. A GF is also alled a geometri evolution equation. They an
be interpreted as ows on a moduli spae (for intrinsi ows) or a parameter spae
(for extrinsi ows). These are of fundamental interest in the alulus of variations,
and inlude several famous problems and theories. Partiularly interesting are their
ritial points. GF play an important role in mathematis and physis.
In this note we will onsider two examples of GF namely the Rii ow (RF) and
the mean urvature ow (MCF) related with the integrable Heisenberg ferromagnets
(HF) in 1+1 and 2+1 dimensions. In partiular we explore integrable redutions of
the following (2+1)-dimensional GF:
rt = Mn − ξ + urx, (1.1a)
ux = −rx · (rxx ∧ rxy) (1.1b)
and
rxt = Mn − η + uxrxy + uyrxx, (1.2a)
uxx − α2uyy = −2α2rx · (rxx ∧ rxy). (1.2b)
Here M(x, y, t) and u(x, y, t) are salar (real) funtions. If M = H , then these GF
an be onsidered as the examples of the (2+1)-dimensional MCF. The partiular
ases of these GF are the M-I ow and the Ishimori ow whih as MCF are integrable.
2 Mean urvature ows
MCF is an example of a GF of hypersurfaes in a Riemannian manifold (for example,
smooth surfaes in 3-dimensional Eulidean spae).
2.1 Isotropi MCF
The isotropi MCF reads as (see, e.g. [1℄)
rt = Hn− ξ, (2.1)
where r = (r1, r2, r3), n = (n1, n2, n3) ξ = (ξ1, ξ2, ξ3) and H is a mean urvature.
Additionally in this note we assume that
r
2
x = 1. (2.2)
In this note we use also the following form of MCF
rxt = H
′
n+ η, (2.3)
where η = (η1, η2, η3).
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2.2 Anisotropi MCF
There exist also the anisotropi MCF whih an be written as
rt = Hn− ξ +V, (2.4a)
Vx = rx ∧ Jrx. (2.4b)
This equation an be rewritten in the following equivalent form
rxt = H
′
n+ η + rx ∧ Jrx, (2.5)
where J = diag(J1, J2, J3), V = (V1, V2, V3). Referene [4℄ presented examples of
anisotropi MCF and RF.
3 Rii ow
3.1 Isotropi RF
The RF is an intrinsi geometri owa proess whih deforms the metri of a
Riemannian manifoldin this ase in a manner formally analogous to the diusion
of heat, thereby smoothing out irregularities in the metri. It plays an important
role in the proof of the Poinare onjeture.
Given a Riemannian manifold with metri tensor gij, we an ompute the Rii
tensor Rij , whih ollets averages of setional urvatures into a kind of "trae" of
the Riemann urvature tensor. If we onsider the metri tensor (and the assoiated
Rii tensor) to be funtions of a variable whih is usually alled "time" (but whih
may have nothing to do with any physial time), then the RF may be dened by
the geometri evolution equation
gijt = −2Rij . (3.1a)
At the same time, the equation of the normalized RF reads
gijt = −2Rij + 2
n
< R > gij, (3.1b)
where < R > is the average (mean) of the salar urvature (whih is obtained
from the Rii tensor by taking the trae) and n is the dimension of the manifold.
Equation (3.2) preserves the volume of the metri.
3.2 Anisotropi RF
In the anisotropi ase, Eqs. (3.1) take the form
gijt = −2Rij + Aij (3.2a)
and
gijt = −2Rij + 2
n
< R > gij + Aij , (3.2b)
respetively.
3
4 HF ow
Consider the following HF
Sy = S ∧ Sxx, (4.1)
where S = (S1, S2, S3), S
2 = 1. If we assume
S = rx, (4.2)
then the equation (4.1) takes the form [5℄
ryx = (rx ∧ rxx)x (4.3a)
or
ry = rx ∧ rxx. (4.3b)
The orresponding Lax representation is given by
Φx = UΦ, Φy = V Φ, (4.4)
where
U =
λ
2i
rx, V =
iλ2
2
rx +
λ
2
rxxrx, r = r · σ, σ = (σ1, σ2, σ3).
For the equation (4.3) we get
E = 1, F = 0, G = r2y. (4.5)
Here E, F,G and L,M,N are the oeients of the fundamental forms of the surfae
I = dr2 = gijdx
idxj = Edx2 + 2Fdxdy +Gdy2, (4.6a)
II = dr · n = bijdxidxj = Ldx2 + 2Mdxdy +Ndy2. (4.6b)
In our ase we have
Rij =
1
2
Rgij, (4.7a)
R =
G2x − 2GGxx
2G2
, (4.7b)
K =
R
2
. (4.7c)
The modied RF related with the HF (4.1) an be written in the following form
gijt = −2Rij + Fij. (4.8)
Now we present the MCF related with the HF equation (4.1). To do it, we onsider
the surfaes in R3 assoiated to two parameters x and y and the renormalization
group time t. It is onvenient, where appropriate, to think of the surfae as a graph
of a funtion r3 = ϕ(r1, (x, y; t), r2(x, y; t); t) that evolves in time. In our ase
r1y = r2xr3xx − rxxr3x, (4.9a)
4
r2y = r3xr1xx − r3xxr1x, (4.9b)
r3y = r1xr2xx − r1xxr2x. (4.9c)
In this system we must use the following expressions
r3y = ϕr1r1y + ϕr2r2y, (4.10a)
r3x = ϕr1r1x + ϕr2r2x, (4.10b)
r3xx = ϕr1r1r
2
1x + 2ϕr1ϕr2r1xr2x + ϕr2r2r
2
2x, (4.10c)
From these and (2.2) we an dene two funtions r1x, r1y as
r1x =
−ϕr1ϕr2r2x ±
√
1 + ϕ2r1 − (1 + ϕ2r1 + ϕ2r2)r22x
1 + ϕ2r1
, (4.11a)
r1y =
r1xr2xx − r1xxr2x − ϕr2r2y
ϕr1
. (4.11b)
In this notation the mean urvature of the surfae an be written as [1℄
H =
(1 + (ϕr2)
2)ϕr1r1 + (1 + (ϕr1)
2)ϕr2r2 − 2ϕr1ϕr2ϕr2r2
(
√
1 + (ϕr1)2 + (ϕr2)
2)3
. (4.12)
The inward unit normal vetor is given by
n =
1√
1 + (ϕr1)
2 + (ϕr2)
2
(−ϕr1 ,−ϕr2, 1). (4.13)
So for the MCF we have the following equation [1℄
ϕt =
(1 + (ϕr2)
2)ϕr1r1 + (1 + ϕ
2
r1
)ϕ2r2r2 − 2ϕr1ϕr2ϕr2r2
1 + (ϕr1)
2 + (ϕr2)
2
+
ξ1ϕr1 + ξ2ϕr2 − ξ3. (4.14)
For the rst and seond fundamental forms of the two-dimensional surfae and for
the mean urvature we have the following system of equations [1℄
gijt = −2HKij, (4.15a)
g
ij
t = 2HK
ij. 4.15b
Hene we get
(ln
√
g)t = −H2, (4.16a)
Kijt = g
lm∇l∇mKij − 2H(K2)ij + (TrK2)Kij, (4.16b)
∂H
∂t
= gij∇i∇jH + (TrK2)H. (4.16c)
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5 M-I ow as MCF
Now we onsider the following Myrzakulov I equation (abbreviated as the M-I equa-
tion)
St = (S ∧ Sy + uS)x, (5.1a)
ux = −S · (Sx ∧ Sy). (5.1b)
After the identiation (4.2) this system takes the form
rt = rx ∧ rxy + urx, (5.2a)
ux = −rx · (rxx ∧ rxy). (5.2b)
This is M-I ow and is known to be integrable. The orresponding Lax representa-
tion is given by
Φx = UΦ, (5.3a)
Φt = λΦy + V Φ, (5.3b)
where
U =
iλ
2
rx, (5.4a)
V =
λ
4
([rx, rxy] + 2iurx). (5.4b)
Note that the M-I ow (5.2) an be written in the following form
rt =
(
MF√
g
+ u
)
rx − M√
g
ry +
Gx
2
√
g
n+ c, (5.5a)
ux =
LGx − 2MFx
2
√
g
. (5.5b)
Here c = c(y, t) whih we set to c = 0. For the M-I ow we have
g11t = Et = 0, (5.6a)
g12t = Ft =
(FM −N)Fx√
g
− Ly√g + uFx + uy, (5.6b)
g22t = Gt =
(FM −N)Gx√
g
− 2My√g + uGx + 2Fuy. (5.6c)
So that for g = det(gij) we get
gt = Gt − 2FFt = gx√
g
(FM −N)− 2√g(My − FLy) + ugx. (5.7)
Equations (5.6)-(5.7) are integrable. Note that in our ase we have the following
formula
Rij =
1
2
Rgij (5.8)
6
and
R =
1
2g2
(
4FFxFy − 2FxGy − 2FFxGx +G2x − 4F 2Fxy + 4GFxy + 2F 2Gxx − 2GGxx
)
.
(5.9)
As in the previous ase it is onvenient, where appropriate, to think of the surfae
as the graph of a funtion r3 = ϕ(r1(x, y; t), r2(x, y; t); t) that evolves in time. First
let us rewrite the system (5.2) in omponent form. We have
r1t = r2xr3xy − r2xyr3x + ur1x, (5.10a)
r2t = r3xr1xy − r3xyr3x + ur2x, (5.10b)
r3t = r1xr2xy − r1xyr2x + ur3x, (5.10c)
ux = −r1xx(r2xxr3xy − r2xyr3xx)− r2xx(r3xxr1xy−
r3xyr1xx)− r3xx(r1xxr2xy − r1xyr2xx). (5.10d)
As
r3y = ϕr1r2y + ϕr2r2y, (5.11a)
r3x = ϕr1r1x + ϕr2r2x, (5.11b)
r3xx = ϕr1r1r
2
1x + 2ϕr1ϕr2r1xr2x + ϕr2r2r
2
2x, (5.11c)
for the funtions r1x, r1y we get
r1x =
−ϕr1ϕr2r2x ±
√
1 + ϕ2r1 − (1 + ϕ2r1 + ϕ2r2)r22x
1 + ϕ2r1
, (5.12a)
r1y =
r1xr2xx − r1xxr2x − ϕr2r2y
ϕr1
. (5.12b)
So for the mean urvature of the surfae we have the following formula
H =
(1 + (ϕr2)
2)ϕ2r1 + (1 + ϕ
2
r1
)ϕ2r2 − 2ϕr1ϕr2ϕr1r2
(
√
1 + ϕ2r1 + ϕ
2
r2
)3
. (5.13)
On the other hand the inward unit normal vetor is dened by the formula [1℄
n =
1√
1 + ϕ2r1 + ϕ
2
r2
(−ϕr1 ,−ϕr2 , 1). (5.14)
Now we are ready to nd the MCF. As result we obtain
ϕt =
(1 + (ϕr2)
2)ϕr1r1 + (1 + (ϕr1)
2)ϕ2r2r2 − 2ϕr1ϕr2ϕr2r2
1 + (ϕr1)
2 + (ϕr2)
2
+
ξ1ϕr1 + ξ2ϕr2 − ξ3. (5.15)
Finally we present the following two equations [1℄
(ln
√
g)tt = −2Hgij∇i∇jH − 2(TrK2)H2 (5.16)
and
(
√
g)tt = [−2Hgij∇i∇jH − 2(TrK2)H2 +H4]√g. (5.17)
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6 M-I ow as RF
Consider a Riemannian manifold M of dimension 3 with a loal oordinate system
Xµ and metri Gµν(X) so that its rst fundamental form is
ds2
M
= Gµν(X)dX
µdXν (6.1a)
or
ds2 = G11dx
2 +G22dy
2 +G33dt
2 + 2G12dxdy + 2G13dxdt+ 2G23dydt. (6.1b)
Here X1 = x, X2 = y, X3 = t and
G11 = r
2
x, G22 = r
2
y, G33 = r
2
t ,
G12 = G21 = rx · ry, G13 = G31 = rx · rt, G23 = G32 = ry · rt. (6.2)
For the M-I ow the metri takes the form
G11 = r
2
x = 1, G22 = r
2
y, G33 = r
2
xy + u,
G12 = G21 = rx · ry, G13 = G31 = u, G23 = G32 = ury · ry− rxy · (rx ∧ ry). (6.3)
In this ase G = det(Gij) is given by
G = u2[r2xy − r2y] + u[r2y − (rx · ry)2] + [r2y − (rx · ry)2]r2xy. (6.4)
For the M-I ow the orresponding modied RF reads as
Gijt = −2Rij + Fij. (6.5)
This modied RF is integrable. This follows from the integrability of the original
equation (5.2).
7 Conlusion
In this letter we have onsidered some integrable and non integrable GF related with
some integrable HF in 1+1 and 2+1.
Also we would like to note that the ows onsidered in this letter have a singular-
ity with respet to t. This is related with the following fat: The spetral parameter
λ in the Lax representation (5.3) obeys the following nonlinear equation
λt = λλy. (7.1)
This equation has the following solution
λ =
a+ y
t0 − t . (7.2)
It has a singularity at t = t0. This means that RF and MCF, whih are related with
the M-I ow, also have a singularity at this point. Also we note that referenes [2℄-[3℄
8
onsidered GF related to the Ishimori equation. Finally we would like to present
the following systems [3℄
gijt = −2Rij + ugij, (7.3a)
utt = △(u+ kR) (7.3b)
and
gijt = −2Rij + ugij, (7.4a)
ut = △(u+ kR). (7.4b)
More general forms of these systems look like [3℄
gijt = −2Rij + (βu+ αR)gij, (7.5a)
utt = △(u+ kR) (7.5b)
and
gijt = −2Rij + (βu+ αR)gij, (7.6a)
ut = △(u+ kR), (7.6b)
respetively.
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